Abstract. This paper deals with a class of heat emission processes in a medium with a nonegative source, a nonlinear decreasing thermal conductivity and a linear radiation (Robin) boundary condition. For such heat emission problems, using a differential inequality technique, we establish conditions on the data sufficient to guarantee that the blow-up of the solutions does occur or does not occur. In addition, the same technique is used to determine a lower bound for blow-up time blow-up occurs.
Introduction
In a recent paper, L.E. Payne and P.W. Schaefer [5] have investigated the blow-up phenomena to the following semilinear heat equation ∆u − u ,t = −f (u) , in a bounded domain Ω ⊂ R N , with a radiation (Robin) boundary condition and a prescribed non-negative initial condition. By means of first-order differential inequality technique, they established conditions on the data sufficient to guarantee the blow-up of solution at some finite time or conditions for the global boundedness of solutions. Moreover, a lower bound on blow-up time was obtained when blow-up occurs.
The mathematical investigation of the blow-up phenomena of solutions to nonlinear parabolic equations and systems received a great deal of attention during the last decades (we refer the reader especially to the books of Quittner-Souplet [13] and Samarskii [14] , to the survey papers of Levine [4] and Galaktionov [3] or the references therein). Nowadays, a variety of methods are known for the study of blow-up phenomena in parabolic problems. However, in a serie of recent papers, a new interesting differential inequality method was used by L.E. Payne and his colaborators to study various aspects of the blow-up phenomena (see XXXX).
In this short note, we show that the results of [5] may be extended to the following class of quasilinear initialboundary value problems
where γ is a nonegative constant (so the Neumann boundary condition is covered as well), g is a positive nonincreasing function and f, h are nonnegative functions assumed to satisfy f (0) = 0 and h(x) = 0 on ∂Ω. We notice that a similar class of parabolic equations, but under Dirichlet boundary condition, was treated in C. Enache [2] .
It is known that the solution of problem (1.1) may not exists for all time and the only way that the solution can fail to exist is by becoming unbounded at some finite time t * . In Section 2 of this paper we establish conditions on the data of problem (1.1) forcing the solution u (x, t) to blow-up at some finite time t * and, under these conditions we determine an upper bound for the blow-up time t * . In Section 3 we determine a lower bound on the blow-up time for a similar problem when blow-up of the solution does occur. In the final section, we determine conditions on the data sufficient to guarantee global boundedness of solution. In each section, our approach will follow naturally the first-order differential technique used in C. Enache [2] (in the case of the Dirichlet boundary condition) and L.E Payne-P.Schaefer (in the case g ≡ 1) .
Criterion for blow-up of solution u(x, t) in problem (1.1)
Let us introduce the following auxiliary functions
where u (x, t) is the solution of problem (1.1). The main result of this section is formulated in the following theorem:
Theorem 2.1. Let u(x, t) be the classical solution of the parabolic problem (1.1). Assume that the data of problem (1.1) satisfy the following conditions
where α is a positive parameter, and
We then conclude that u (x, t) blows up at some finite time t * < T , with
Proof. We compute
where we have used successively the differential equation (1.1), the divergence theorem, the fact that g ′ ≤ 0, the assumption (2.2) and the definition of B (t).
On the other hand,
where we have used again the divergence theorem. Therefore, B (t) is a nondecreasing function in t and, in view of (2.3) we have
Next, we make use of Schwartz inequality, of (2.5)-(2.6) and of the fact that g ′ ≤ 0 to obtain the following chain of inequalities
Integrating (2.9) from 0 to t we obtain
Therefore, combining (2.5) and (2.10) we have
Integrating now (2.11) from 0 to t, we obtain the inequality
But this inequality cannot hold for
In conclusion, the solution u (x, t) of problem (1.1) fails to exist by blowing up at some finite time t * < T, with T > 0 given in (2.4).
A lower bound for global time
In this section we seek a lower bound on blow-up time for a non-negative solution of (1.1) when blow-up occurs at some finite time t * . We assume that Ω is a bounded smooth convex domain in R 3 and that the nonlinear functions f and g satisfiy
dy
We have the following result: 
and Proof. We define the auxiliary function
and compute
We now remind an integral inequality due to L.E. Payne and P.W. Schaefer (see (2.16) in [6] )
Using in (3.7) the following inequalities
We now choose β as 10) and make use of (3.9) in (3.5) , to obtain
Integrating (3.8) from Φ (0) to ∞, we deduce the desired lower bound (3.2) for the blow-up time, assuming that the solution of (1.1) blows up at finite time t * .
A criterion for non blow-up
We note by µ 1 the first eigenvalue in the elastic membrane problem Proof. With v given in (3.1), we define
since g ′ ≤ 0 and (3.6)
Now, in order to bound the third integral in (4.5), we make use of the following integral inequality which was derived by L.E. Payne and P.W. Schaefer (see (4.8) ] .
Hence, from (4.3) follows that the solution u (x, t) decays in norm and will exist for all time.
